Dark energy and inflation invoked in CCGG by locally contorted
  space-time by Vasak, David et al.
Locally contorted space-time invokes inflation,
dark energy, and a non-singular Big Bang
David Vasak*1, Johannes Kirsch1, Dirk Kehm1,2, and
Ju¨rgen Struckmeier1,2
1Frankfurt Institute for Advanced Studies (FIAS),
Ruth-Moufang-Strasse 1, 60438 Frankfurt am Main, Germany
2Goethe Universita¨t, Max-von-Laue-Strasse 1, 60438 Frankfurt am
Main, Germany
October 3, 2019
Abstract
The cosmological impact of the Covariant Canonical Gauge Theory of Gravity
is investigated. We deduce that, in a metric compatible geometry, the requirement
of covariant conservation of matter invokes torsion of space-time. In the Fried-
man model this leads to a scalar field built from contortion and the metric with
the property of dark energy, which transforms the cosmological constant to a time-
dependent function. Moreover, the quadratic Rieman-Cartan term in the CCGG
field equations adds a geometrical curvature correction to the Friedman equations.
Applying the standard ΛCDM parameter set, those equations give a unique solu-
tion for the cosmological field. With a relatively small “deformation” parameter of
the theory that determines the strength of the quadratic term and thus the deviation
from the Einstein-Hilbert theory, the resulting evolution of the universe starts from
a finite extension, undergoes a violent, Big Bang-like, or a smooth and slow bounce
process followed by an inflation phase, and exits gracefully to the current dark en-
ergy era. The calculations of the SNeIa Hubble diagram and of the most recent
transition point from deceleration to acceleration compare well with astronomical
observations. The theory also provides a new handle to resolving the cosmological
constant problem.
1 Introduction
We discuss the cosmological impact of the Covariant Canonical Gauge theory of Grav-
ity (CCGG) [39, 36, 40, 38, 37], a Palatini theory extending the Einstein-Hilbert ac-
tion by a quadratic Riemann-Cartan invariant. In Section 2 we first sketch the field-
theoretical basis of the gauge theory of gravity, an approach in the spirit of earlier work
on gauge theories of gravitation [42, 25, 33, 23, 22], but relying on the mathematical
rigorousness of the canonical transformation theory in the Hamiltonian picture. That
framework leads to an extended version of the Einstein equation in which torsion is
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admitted and metric compatibility dynamically implemented. In Section 3 we discuss
why torsion is a necessary degree of freedom in the theory, how the cosmological
constant is promoted to a cosmological field, and how the quadratic extension in the
Hamiltonian gives rise to a geometrical stress tensor. There is no need to invoke any
auxiliary scalar fields nor any ad hoc higher-order terms modifying GR [46, 47, 34, 35].
The CCGG-Friedman model and its compatibility with the ΛCDM parameter set
is reviewed in Section 4. Its numerical analysis following in Section 5 yields solutions
representing a non-singular universe (see also [6]) undergoing an inflation phase with
a graceful exit to the dark energy era1. In the pre-inflation phase two scenarios emerge,
a non-singular Big Bang or a smooth bounce-off. Also the calculated redshift depen-
dence of the luminosity-distance modulus compares well the SNeIa Hubble diagram.
In Section 6 the value of the free parameter of the theory, that determins the strength
of the quadratic term relative to GR (thus called deformation parameter), is shown to
be adjustable to alleviate the cosmological constant problem [43]. The paper closes
with a summary and conclusion section. The astronomical data considered so far sug-
gests that the deformation parameter is rather small but must not be zero to make the
CCGG-Friedman model consistent with observations.
2 The Covariant Canonical Gauge theory of Gravita-
tion
The application of the canonical Hamiltonian transformation theory to classical rela-
tivistic matter fields has been pioneered by Struckmeier et al. and proven to derive the
Yang-Mills gauge theory from first principles [39, 36]. At the heart of this framework
is the requirement that the system dynamics is given by an action integral that remains
invariant under prescribed transformations of the original (matter) fields. Those trans-
formations are implemented in the covariant de Donder-Hamiltonian formalism [18]
by the choice of a generating function, specifically designed for any given underly-
ing symmetry group. That formalism unambiguosly introduces symmetry dependent
gauge fields and fixes their interaction with the matter fields. The kinetic portion of
the newly introduced gauge fields, i.e. the Hamiltonian of non-interacting gravity, is
not determined by the gauging process, though. It is rather introduced as an educated
guess based on physical considerations and empirical insights.
Applying the above framework to the diffeomorphism group paves a novel path to
implementing Einstein’s Principle of General Relativity to arbitrary classical relativis-
tic systems of matter fields. In the resulting first-order theory the space-time geometry
is described by both, the affine connection γαβµ that is not necessarily symmetric in β
and µ, and the independent metric tensor gµν2. The fundamental fields describing the
dynamics of gravitation encompass in addition to the connection and metric also the
“affine momentum” field, the rank-4 momentum tensor density conjugate to the affine
connection, and the “metric momentum” field, a rank-3 tensor density conjugate to the
metric. The Hamiltonian (scalar) density, H˜dyn, of space-time dynamics extends the
Einstein-Hilbert ansatz by a quadratic invariant built from the affine momentum tensor
1For treating dark energy and inflation as common geometry-driven effects see also Refs. [13, 14, 15, 12]
2When spinors are included, the tetrad field substitutes the metric as the fundamental filed of the theory,
and the spin connection emerges as a second gauge field that becomes equivalent to the affine connection
once metric compatibility is dynamically enforced.
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[38, 4]. In order to comply with the key observations that already gave credibility to
Einstein’s equation [38], we set
H˜ = H˜dyn + H˜matter (1)
with3
H˜dyn = 14g1 √−g q˜
αξβ
η q˜
ητλ
α gξτ gβλ − g2 q˜ αηβη gαβ + g3 √−g. (2)
The matter Hamiltonian H˜matter includes coupling of matter fields to curved space-time.
The (3, 1) tensor density q˜ αξβη =
√−g q αξβη is the affine momentum field mentioned
above. The quadratic term endows space-time with kinetic energy and thus inertia, and
fundamentally modifies its dynamics. The coupling constants g1, g2 and g3 have the
dimensions [g1] = 1, [g2] = L−2, and [g3] = L−4. g3 is usually identified with the
vacuum energy density and gives rise to the so-called cosmological constant problem
[44]. (Our conventions are the signature (+, −, −, −) of the metric, and natural units
~ = c = 1. A comma before an index denotes partial derivative, a semicolon denotes
covariant derivative with the affine connection given by the gauge field. Pairs of indices
in parentheses (brackets) denote (anti)symmetrization.)
The gauging process leads to the action integral
S =
∫
d4x L˜=
∫
d4x
(
k˜ανµ gαν;µ − 12 q˜ βνµα Rαβνµ − H˜dyn + L˜matter
)
, (3)
where the total Lagrangian, a world scalar density, is split up into the modified gravity
Lagrangian, displayed explicitly as a Legendre transform of the Hamiltonian H˜dyn of
Eq. (2), and the Lagrangian of matter, L˜matter, the Legendre transform of the yet un-
specified H˜matter. In the integrand the canonical non-tensorial “velocity” of the affine
connection, γηαµ,ν, as defined in the covariant de Donder formalism, is naturally substi-
tuted by the Riemann-Cartan tensor
Rηαµν =
∂γ
η
αν
∂xµ
− ∂γ
η
αµ
∂xν
+ γ
η
ξµγ
ξ
αν − γηξνγξαµ (4)
built from in general asymmetric affine connection coefficients. This is not an ad hoc
substitution, but is the result of the requirement of diffeomorphism covariance imple-
mented via the canonical transformation framework and the gauging process [38]. k˜αβν
is the metric momentum, the field conjugate to the metric gαβ. It is by definition sym-
metric in its first two indices.
Variation of Eq. (3) with respect to the affine momentum gives the canonical equa-
tion
Rαβνµ = −2
∂H˜dyn
∂q˜ βνµα
. (5)
Its solution is for the Hamiltonian of Eq. (2)
qηαξβ = g1
(
Rηαξβ − Rˆηαξβ
)
, (6)
where
Rˆηαξβ = g2
(
gηξ gαβ − gηβ gαξ
)
(7)
3Here we also consider the constant term g3
√−g that was omitted in [38].
3
is the Riemann curvature tensor of the maximally symmetric space-time, the (Anti) de
Sitter geometry. The affine momentum of space-time thus accounts for deformations
of the space-time geometry relative to the (A)dS ground state.
Notice that he canonical field equation for the metric momentum,
gαβ;ν =
∂H˜dyn
∂k˜αβν
= 0, (8)
implements dynamically metric compatibility. This is due to the fact that the kinetic
Hamiltonian H˜dyn, Eq. (2), has been chosen to be independent of k˜αβν, the “metric
momentum” conjugate to the metric tensor4.
The so-called consistency (“CCGG”) equation extending GR [38, 37] is obtained as
a combination of the canonical equations. It can be written as a local balance equation,
− Θµν = T µν (9)
with
Θµν :=
2√−g
∂H˜dyn
∂gαβ
(10a)
T µν :=
2√−g
∂H˜dmat
∂gαβ
, (10b)
similar to the stress-strain relation in elastic media. In analogy to the the energy-
momentum (stress energy) tensor of matter, T µν, we interpret Θµν as the energy-momentum
(strain energy) tensor of space-time5. Calculating now the strain energy tensor (10a)
with the CCGG Hamiltonian (2), and substituting Eq. (5) for the momentum tensor,
gives
Θµν = −g1 Qµν + 18piG
(
Gµν + gµν λ0
)
. (11)
where
Gµν := R(µν) − 12gµν R (12)
is the Einstein tensor6, and
Qµν := Rαβγµ R ναβγ − 14gµν Rαβγξ Rαβγξ, (13)
a trace-free, (symmetric) quadratic Riemann-Cartan concomitant. Eq. (11) is a gen-
eralization of the l.h.s. of the Einstein equation in three aspects. Firstly, the Palatini
formalism is used, so the affine connection and the metric are still independent fields,
torsion of space-time is admitted, and a quadratic Riemann-Cartan term added.
Notice that for aligning with the syntax used in GR, the coupling constants gi in
Eq. (9) have been expressed in terms of the gravitational coupling constant G and the
4By Legendre transformation k˜αβν becomes then a Lagrange multiplier in the Lagrangian density.
5This also implies that the total energy of the universe is zero, consistent with Jordan’s conjecture, c.f.
[24].
6The Einstein tensor as derived from the canonical equations of motion contains only the symmetrized
Ricci tensor. While in the absence of torsion the Ricci tensor is symmetric, it is not the case for non-zero
torsion.
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cosmological constant λ0:
g1 g2 ≡ 116piG =
1
2M
2
p (14a)
6g1 g22 + g3 ≡
λ0
8piG
= M2p λ0. (14b)
Mp :=
√
1/8piG is the reduced Planck mass. Combining the above equations yields
λ0 = 3g2 + 8piG g3 =
1
M2p
3M4p2g1 + g3
 , (15)
i.e. we find the cosmological constant being generated by the (A)dS curvature and
the vacuum energy g3 [43]. The parameter g1 (or equivalently g2 = M2p/2g1) is the
deformation parameter of the theory7.
3 Geometrical stress energy and Cartan contortion den-
sity
In the CCGG formalism, the tensors, Qµν and Gµν, are not necessarily covariantly con-
served. That can even be the case if we set torsion to zero, as is known for Palatini type
theories with torsion not a priori excluded [20, 4]. Indeed, straight algebra8 shows that
Q µν ;µ ≡ Rαβγµ;µ Rαβγν + Rαβγµ
(
Rαβντ S
τ
γµ − 2Rαβγτ S τνµ
)
, (16)
where
S λµν =
1
2 (γ
λ
µν − γλνµ) (17)
is Cartan’s torsion tensor, vanishes for zero torsion and metric compatibility only if
R¯ ναβγ ∇¯µR¯αβγµ = 0. (18)
The overbared quantities are calculated using the Christoffel symbol,
γλµν →
{
λ
µν
}
, (19)
as for metric compatible and torsion-free geometries the affine connection is the Christof-
fel symbol uniquely determined by the metric via the Levi-Civita relation.
It is important to stress that the covariant conservation law for the strain energy
tensor, Eq. (16), is not an identity, yet it facilitates, in addition to metric compatibility,
a constraint linking the metric and the affine connection. The requirement (18) then re-
stricts or even fixes the metric, and, in addition, implies that the r.h.s. of the consistency
equation (9), the stress energy tensor, is covariantly conserved, too.
Vice versa, requesting the stress energy tensor of matter to be covariantly con-
served, might in the CCGG theory lead to the necessity to adjust the affine connection
7This result reminds of earlier approaches under the heading of de Sitter relativity to derive the cosmo-
logical constant and to explain cosmic coincidence and time delays of extragalactic gamma-ray flares (see
for example [1]).
8We thank Julia Lienert for checking this identity with Maple.
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with the given metric beyond the Levi-Civita relation. Physically this opens a new
channel within the dynamical geometry to take up its deformation energy, and this
channel is based on torsion.
This can be illustrated as follows. If in the classical, macroscopic limit, torsion
is neglected and the affine connection is assumed to be the Christoffel symbol, then
Eq. (9) becomes
g1
(
R¯αβγµ R¯ ναβγ − 14gµν R¯αβγδ R¯αβγδ
)
− 1
8piG
[
R¯µν − gµν
(
1
2 R¯ + λ0
)]
= T¯ µν. (20)
In order to explicitly work out the differences between the standard, GR based cos-
mology and the CCGG model, we request the stress energy tensor to be covariantly
conserved:
∇¯νT¯ µν = 0. (21)
This is consistent as long as
∇¯νΘ¯µν = 0 (22)
holds, which for torsion-free geometries reduces to Eq. (18) for the Riemann tensor.
If a specific ansatz for the metric with the assumption of zero-torsion solves the
overbared Eq. (20), but fails to satisfy the constraint (18), the affine connection must
not be Christoffel, though. With metricity in place, the most general form of the affine
connection is
γλµν =
{
λ
µν
}
+ Kλµν (23)
with the contortion tensor
Kλµν = S λµν − S µλν + S νµλ = −Kµλν . (24)
The contortion tensor is a linear combination of the torsion tensor (17), and the metric.
Obviously, deviating for a given metric from the Levi-Civita ansatz for the connection
is equivalent to introducing torsion of space-time.
The Riemann-Cartan tensor can now be separated into metric (Riemann) and torsion-
dependent (Cartan) portions,
Rαβγσ(γ
λ
µν) ≡ R¯αβγσ + Pαβγσ, (25)
where
Pλσµν := ∇¯µKλσν − ∇¯νKλσµ − KλβνKβσµ + KλβµKβσν (26)
denotes the Cartan curvature tensor which is antisymmetric in the first and the second
pair of indices.
Then with the definition of the symmetric (2, 0) tensor,
ξµν(g, S ) := Q¯µν − Qµν (27)
=
(
1
4g
µν δτσ − gντ δµσ
) (
R¯αβγσPαβγτ + R¯αβγτP
αβγσ + PαβγσPαβγτ
)
,
and the decomposition
Gµν = G¯µν + P(µν) − 12 gµν P, (28)
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the overbared CCGG equation (20) is corrected to
g1 Q¯µν − 18piG
[
G¯µν − gµνΛ(x)
]
= T¯ µν +
1
8piG
P′(µν) + g1ξµν. (29)
The deviation from Eq. (20) is composed of terms that vanish with vanishing torsion9.
Thereby
P′(µν) = P(µν) − 14gµνP (30)
is the trace-free Cartan-Ricci tensor. When locating the tensors P′(µν) and ξµν next to
the stress energy tensor of matter on the r.h.s. of the equation, it appears as a new,
geometrical stress tensor. All tensors in this equation, including ξµν, are symmetric
by definition. Moreover, by its very definition, the term P′(µν) on the r.h.s. of Eq. (29)
is trace-free, like the energy-momentum tensor of radiation or relativistic matter. The
Cartan-Ricci curvature scalar, P(x), that we call Cartan contortion density as it is built
from contortion and metric, is combined with the cosmological constant to the cosmo-
logical field
Λ(x) := λ0 + 14P(x). (31)
Λ(x) reduces to a constant in torsion-free geometries, and may not vanish otherwise
even if the cosmological constant λ0 does. In the following we demonstrate that, under
the simplifying assumptions of the Friedman model, a unique solution of the cosmo-
logical field exists.
4 The CCGG-Friedman model
The Friedman model universe [21, 45] is endowed with the Friedman-Lemaitre-Robertson-
Walker (FLRW) metric with curvature characterized by the parameter K0,
ds2 = dt2 + a2(t)
[
dr2
1 − K0r2 − r
2
(
dθ2 + sin2(θ) dϕ2
)]
. (32)
The dimensionless parameter a(t), the relative size of the spatial section of the metric
as function of the cosmological time t, remains the only dynamical freedom left. If t0
is the current age of the universe, a(t0) = 1 applies to today. The parameter K0 fixes
the type of the underlying geometry: K0 = 0 flat, K0 > 0 spherical, K0 < 0 hyperbolic.
With this one-parameter FLRW metric ansatz, Eq. (18) is satisfied only for three
non-constant solutions for the scale function a(t) which, for cosmology, is in general
too restrictive as it is independent of the matter content of the universe! Hence Eq. (29)
must be considered with the tensor corrections as outlined above. The torsion-induced
tensor corrections on the r.h.s., P′(µν) and ξµν, must be diagonal, mimicking radiation
and matter, respectively, with some unknown equations of state10. We accommodate
schematically the tensor corrections to the stress energy tensor by including cold dark
matter in the density of dust, and neglect radiation-like contributions (aka hot dark
matter). Only the scalar Cartan contortion density in the cosmological field will be
retained as a yet unknown dynamical quantity in the strain energy side of the equation.
9Notice that for an application in cosmology with just classical matter the corresponding stress tensor is
independent of the affine connection and hence is independent of torsion, T¯µν ≡ Tµν.
10Whether these terms can explain the effect of (hot and cold) dark matter, and how they might impact
cosmological perturbations, is a topic for separate studies.
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Due to the isotropy and homogenity of the FLRW geometry that cosmological
field Λ(x) can only depend on the universal time t. It formally corresponds to a density
with the equation of state of dark energy11, and is therefore called here the dark energy
function. The analysis is further simplified by adopting the scaling ansatz12
Λ(t) = Λ(t(a)) =: Λ0 f (a) (33)
with the dimensionless function f (a), and the yet unspecified constant Λ0.
The algebra leading to the Friedman equations is outlined in Appendix A and gives
the modified Hubble function
H2(a) =
∑
i=r,m
Ci a−ni − k(a)a2 +CΛ f (a), (34)
where the geometrical effects emerging from the quadratic term have been combined
with the curvature parameter K0 of the FLRW metric to the curvature function13
k(a) := K0 −
(
1
4Cma
−3 +CΛ f (a)
) (
3
4Cm a
−1 +Cr a−2
)
1
2g2 − 14Cm a−3 −CΛ f (a)
. (35)
k(a) is well defined since the function f (a) obeys the unique differential equation de-
rived in Appendix B:
d f
da
=
3Cm
4CΛ
a−4 × (36)
1
2g2
(
3
4Cma
−3 +Cra−4
)
−
(
1
2g2 − 14Cma−3 −CΛ f
) (
1
4Cma
−3 +CΛ f
)
1
2g2
(
3
4Cma
−3 +Cra−4
)
+
(
1
2g2 − 14Cma−3 −CΛ f
)2 .
By setting g1 = 0 and f (a) ≡ 1 we recover the Friedman equation for the Hubble
function as known from General Relativity (GR-Friedman equation).
Moreover, as shown in the Appendix B, the modified Friedman equations cannot be
solved with f (a) = const., confirming the necessity to include the torsion corrections
enforced by requiring concomitantly the FLRW metric and the covariant conservation
of the energy-momentum tensor of matter.
If we require that the dark energy term reproduces the observed present-day value
of the cosmological constant, and set Λ0 = Λobs, the initial condition f (1) = 1 must
hold. Similar reasoning for the curvature term gives k(1) = kobs, which implies
kobs ≡ k(1) = K0 −
(
1
4Cm +CΛ
) (
3
4Cm +Cr
)
1
2g2 − 14Cm −CΛ
. (37)
11 The impact of the torsion-related corrections of the Einstein equation on cosmology has been discussed
in [26]. Cosmology with a homogeneous spin density (aka Weyssenhoff fluid) were addressed in Refs.
[28, 29, 11, 10, 31, 41]. A time dependent cosmological constant has been also derived from string theory [2],
and by the renormalization group method [27].
12Under the assumption that a(t) is a strictly monotonical function, t(a) exists and is well defined. In case
of a bouncing or oscillating universe, though, care must be taken and the branches with a˙ > 0 and a˙ < 0
considered separately.
13Treating the term invoked by the quadratic extension of the Hamiltonian as a curvature correction might
seem arbitrary. However, its origin is the space-time side of the equation, hence the other sensible option
would be to combine it with the dark energy function. For an early analysis of that combination with a
slightly different interpretation of the correction terms see [43].
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Setting ∆k := K0 − kobs, this relation can be resolved for g2 giving
1
2 g2(∆k) =
1
∆k
(
1
4 Cm +CΛ
) (
3
4 Cm +Cr + ∆k
)
. (38)
With Eq. (14a), an equivalent expression for g1 is obtained. Obviously, g2 diverges and
g1 vanishes for K0 → kobs. For a Dark Energy dominated system, i.e. with Cm = Cr =
0, Eq. (36) yields the solution f (a) ≡ 1, then Eq. (37) gives ∆k := K0−kobs = 0, and we
obtain g1 = 0. Hence a Dark Energy dominated universe is identical to the Friedman
model in General Relativity.
By construction of the functions f (a) and k(a) and the selected boundary conditions
for a = 1, (34) gives the Hubble constant
H20 =
∑
i=r,m,Λ
Ci − kobs, (39)
which coincides with the conventional GR-Friedman value. Hence we can adopt the
parameters of the conventional GR-Friedman model based on the assumptions of al-
most flat FLRW metric, standard model of elementary particles, cold dark matter, and
a constant cosmological constant Λ0 = Λobs (Concordance Model with the ΛCDM
parameter set as listed in (A.17)).
An important astronomical observable is also the dimensionless, so-called deceler-
ation function
q := − a¨
a˙2
a ≡ − a¨
a
1
H2
=
2a2 M + V
V + K0
, (40)
which depends on the curvature parameter K0, on the dark energy and curvature func-
tions in the scale potential V(a), Eq. (B.3), and on M(a), (A.16), which is the Ricci
scalar of the FLRW metric. For the ΛCDM parameter set the present-day deceleration
parameter q0 ≡ q(1) is
q0 ≈ −0.5 + K0/H20 . (41)
Obviously, in order to align the theoretical value of q0 with the observed value, q0 ≈
−0.5, the curvature parameter K0/H20 must be close to 0. (How close, depends on the
accuracy of the value of q0 derived from observations that is still under discussion [30,
7].) Now the parameter K0 determines via Eq. (38) the coupling constants g2 = M2p/2g1
— the deformation parameters of the theory — as visualized in Fig. 1. While k(1) =
kobs determines the Hubble constant that depends on the deformation parameter g2, the
measurement of the deceleration parameter facilitates an independent determination
of K0. It important to stress at this point that K0 = kobs is possible if and only if
g1 = 0, i.e. only in the realm of the standard GR-Friedman model, and that the limiting
process, g1 → 0, is not continuous since g2 ∼ 1/g1 diverges there!14
Thus, within the present accuracy of observations, the CCGG-Friedman model can
be made in this approximation consistent with the six parameters of standard cosmol-
ogy representing a flat (open or closed)15 universe currently undergoing an acceler-
ated expansion. In the following analysis we follow the standard practice and set
Ck = kobs = 0, i.e. we accept the present universe to be with a high accuracy flat.
This is a negligible correction of the value of the Hubble constant, however, we adopt
kmax given in Eq. (A.17e) as the relevant scale for variations of the parameter ∆k ≡ K0.
14That would give rise to an inconsistency as the quadratic term then diverges in the Hamiltonian while it
vanishes in the Lagrangian.
15Depending on the sign of kobs that is still under debate.
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Figure 1: The relation g2(∆k) is displayed in units H20 . Notice that ∆k = 0 is forbidden (g1 = 0).
kmax ≡ +0.005 × H20 .
5 Scenario analysis
In this Section we investigate the impact of the free parameter K0 on the evolution of the
universe. We set kobs = 0 and vary the parameter K0/kmax ∈ R that enters the formula
for the calculation of the deformation parameters g1 and g2. K0 also determines the
deviation of the deceleration parameter from its mainstream value. In order to remain
close to the Concordance Model we vary K0 on the scale of the maximum value kmax
inferred from observations, namely |kobs| ≤ kmax = 0.005H20 . The parameter values
used in the following calculations are listed in Table 1.
For a given K0 we calculate g2 from Eq. (38), and then numerically solve the differ-
ential equation (36) for f (a; g2(K0)). In the following sections we investigate in more
detail the physics pertinent to the negative and to the positive values of K0 separately.
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K0/kmax g2/H20 g1
30.0 3.90 3.39 × 10119
20.0 5.07 2.60 × 10119
5.0 15.65 8.43 × 10118
1.0 72.07 1.83 × 10118
0.5 142.60 9.26 × 10117
0.3 236.64 5.58 × 10117
0.0 ∞ 0
−0.3 −233.55 −5.65 × 10117
−0.5 −139.51 −9.46 × 10117
−1.0 −68.98 −1.91 × 101118
−5.0 −12.56 −1.05 × 10119
−10.0 −5.51 −2.40 × 10119
−20.0 −1.98 −6.67 × 10119
−30.0 −0.80 −1.64 × 10120
Table 1: The table lists the values of the parameter K0/kmax used in the following calculations, and the
pertinent deformation parameters g2(∆k) in units H20 and g1. kmax ≡ +0.005 × H20 .
5.1 Case 1: K0 < 0
In this case with K0 also g2 and g1 are negative. The dynamics of the universe’s expan-
sion is determined by the equation
a˙2 + V(a) = −K0, (42)
derived in the Appendix B, Eq. (B.2). It is equivalent to a classical equation of motion
of a particle with mass 12 in a one-dimensional potential. It will be accelerating when
sliding down into a potential well until it hits its bottom, and decelerating when climb-
ing up its walls again. The equation is time-reversal invariant, so if a˙ is a solution then
also −a˙, i.e. expansion and shrinking are equally possible, and each can be reversed at
points where a˙ = 0.
The scale potentials V(a; g2(K0)), Eq. (B.3), are plotted for the various values of the
parameter K0 in Fig. 2. Unlike the conventional scale potential of General Relativity
(labeled GR), which is driven by the the standard (dark) matter and radiation terms
and does not lead to inflation in the early universe, the scale potentials derived from
CCGG display both, inflationary behavior and alignment with the dark energy era of
GR in the late epoch (a  1) for any K0. That deviation from GR in the early stages of
the universe emerges from the interplay of the Cartan contortion density (dark energy
function) and the curvature correction. The graceful exit to the dark energy era of
GR occurs as these corrections become constant asymptotically converging to the GR
values. (For details see Appendix C.1.) Inflation ends at the bottom of the potential
well [3], after which a deceleration phase starts which ends at the top of the potential
peak, followed by soft re-acceleration. The extrema of the potential become more
pronounced and shift to smaller scales with K0 → 0−. Thus smaller deformations
of the theory, i.e. weaker admixtures of the quadratic term, lead to stronger physical
effects, confirming that the limit g1 → 0 is not continuous.
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Figure 2: The log-lin plot of the scale potentialsV(a; g2(K0)) in units of H20 . The wiggles in the positive
branch are due to numerical instabilities. The curve labeled GR shows the potential of the conventional
GR-Friedman theory ( f (a) ≡ 1, g1 = 0).
The impact of the parameter K0 on the dynamics of the universe goes beyond the
deceleration parameter value. Its choice also determines g2, the shape of the scale
potential, and the “forbidden area”, {a : V(a; g2(K0) < −K0}. The equation V(ai) =
−K0 determines a turning point that corresponds to a bounce of the universe at a finite
extension scale ai. In this model, the potential has a singularity at which its value jumps
from −∞ to +∞. The positive potential seen at scales smaller than the singularity,
a ≤ ai(K0) with ai(K0) between 10−6 and 10−5 for K0 between −0.3 and −30, facilitates
a barrier for the universe to shrink to zero size. Hence from the shape of the potential
we indeed conclude that
1. The singularity at a = 0 is avoided
2. Inflation takes place in the early epoch
3. Asymptotically in the late epoch the Dark Energy era, similar to GR, is reached
via a “graceful exit”.
Moreover, the singularity of the scale potential gives rise to an interesting pre-inflation
dynamics. The universe’s scale parameter can decrease due to the steep slope preceding
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the singularity. This leads to a rapidly accelerating implosion that terminates at a finite
scale, the turning point ai. The potential singularity left of that point appears as an
infinitely high barrier, with the total energy of the system transferred to the kinetic
energy of the geometry. The universe then bounces off the potential barrier in a kind of
elastic collision, and undergoes a decelerating explosion, similar to a Big Bang event.
That expansion slows down at the top of the potential, but after a quiet period along
the flat plateau, the inflationary phase kicks in with the descent to the bottom of the
potential well.
In order to demonstrate the inflationary behavior we calculate the time dependence
of the Hubble function H(t) = a˙/a. The function a(t) is numerically calculated via the
integral
t − ti =
∫ a
ai
[−K0 − V(a; f (a;K0)]−1/2 , (43)
derived from Eq. (B.2) with the solution f (a;K0) of Eq. (36) inserted, and the boundary
condition t(1) = 1/H0 applied. The results are shown in Fig. 3. A constant Hubble
function corresponds to exponential expansion, a(t) ∼ exp(H(t − t0). The details of
the inflation scenario can be tuned by the free parameter K0 < 0. The inflation period
becomes more violent and ends at smaller scales for K0 → 0−, i.e. for a negative
g1 → 0. K0 close to zero also aligns better with the observed deceleration paramater
q0. In general it seems (but has to be proven) that with K0, and the uncertainty of the
ΛCDM model, the flexibility is given for optimizing the parameters for alignment with
the entire set of observations up to the earliest times.
With H being large and approximately constant in the early epoch we observe a
sustainable acceleration, i.e. inflation, while in the late epoch, after a period of deceler-
ation, H approaches a relatively small constant value indicating a slowly re-accelerating
universe, in alignment with the observations at the present day: In Ref. [32] that tran-
sition has been identified at redshift in the region z∗ ≈ 0.3 − 0.7, which corresponds to
the scale a∗ = 1/(1 + z∗) ≈ 0.6 − 0.8. The authors of Ref. [32] also conclude that the
cosmological constant must be time dependent.
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Figure 3: The log-lin plot of the t-dependence of the Hubble function H(t;K0) in units of H20 . The curve
labeled GR is the Hubble function derived from General Relativity.
The corresponding calculation in the region of the most recent transition is shown in
detail in Fig. 4. The transition point closest to the present day, defined by q(at;K0) = 0,
approaches the value at ≈ a∗ with K0 → 0−, and becomes then indistinguishable from
General Relativity. On the other hand, for K0  0, the calculated value at is smaller
than a∗, i.e. appears at larger redshifts beyond the observed range. Below some critical
curvature (roughly around K0 . −15kmax) the deceleration phase even seizes to exist.
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Figure 4: The log-lin plot of the deceleration parameter q(a;K0 < 0) showing the region of the most recent
transition from deceleration to acceleration of the expansion of the universe. The transition point is given by
q(a∗) = 0. The curve labeled GR is the deceleration function derived from General Relativity.
5.2 Case 2: K0 > 0
The general behavior of the dark energy and curvature functions, f (a;K0) and k(a;K0),
for positive K0 (and positive g2) is discussed in Appendix C.2. The resulting scale
potentials are displayed in Fig. 5, leading again to non-singular solutions with turning
points around ai ∼ 10−7.
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Figure 5: The log-lin plot of the scale potential V(a; g2(K0)) in units of H20 . The curve labeled GR shows
the potential of the conventional GR-Friedman theory.
Pre-inflation a smooth transition will occur from a slowly shrinking to a slowly
expanding universe at the turning point ai as a˙i = 0 holds at that scale, and the total
energy of the universe is just the potential energy. The inflation sets in at similar scales
as for negative K0. However, it will be more violent as the steep potential well gives
rise to a hyperinflation with an increasing early Hubble function.
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Figure 6: The log-lin plot of the t-dependence of the Hubble function H(t;K0) in units of H20 . Notice the
factor of 105 on the H(t) axis compared to Fig. 3! The curve labeled GR is the Hubble function derived from
General Relativity.
The transition to the dark age era and re-acceleration are visible in the detailed plot
in Fig. 7. For K0  0 the transition point is closer to today, i.e. at > a∗, but again with
diminishing K0 → 0+ the limit at ≈ 0.6 approaches the GR value.
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Figure 7: The log-lin plot of the deceleration parameter q(a;K0 > 0) showing the region of the most recent
transition from deceleration to acceleration. The curve labeled GR is the deceleration function derived from
General Relativity.
5.3 Comparison with the SNeIa Hubble diagram
We finally compare the CCGG cosmology model and the standard GR ΛCDM model
with the observational data via the relation between the distance modulus µ and the
redshift z. The observational supernovae data come from [32]. Distance estimates
from SNeIa light curves are derived from the luminosity distance
dL =
√
Lint
4piF = a (t0) (1 + z)
∫ t
t0
dt′
a (t′)
= (1 + z)
∫ z
0
dz′
H (z′)
, (44)
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where Lint is the intrinsic luminosity and F is the observed flux of the supernovae.
Inserting the Hubble function for the CCGG model, Eq. (34), into Eq. (44) yields
dL = (1 + z)
∫ z
0
dz′× (45)
Cm (1 + z′)3 − K0 (1 + z′)2 +CΛ f (z′) +
(
CΛ f (z′) + 14Cm (1 + z
′)3
) (
3
4Cm (1 + z
′)3
)
1
2g2 − 14Cm (1 + z′)3 −CΛ f (z′)

−1/2
.
The logarithm of the luminosity distance is related to the flux (apparent magnitude,
m) and luminosity (absolute magnitude, M) of the observed supernovae via the for-
mula for the extinction-corrected distance modulus, µ = m − M = 5 log dLMpc + 25.
The dependence of the predicted distance modulus µ on the redshift z is plotted for the
CCGG-Friedman and GR-Friedman models in Fig. 8, and compared with the obser-
vational data, the so called SNeIa Hubble diagram [32]. The CCGG calculation and
measurements compare reasonably well for a small parameter K0.
0.2 0.4 0.6 0.8 1.0
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Figure 8: The distance modulus µ(z) for the CCGG model for K0 = −kmax (red line), K0 = −30 kmax
(green), K0 = +30 kmax (black), and for standard GR cosmology (blue). The red dots represent the SNeIa
Hubble diagram from [32]. In both models the ΛCDM parameter set is applied.
6 The cosmological constant problem
According to Eq. (15) and Eq. (31), the observable cosmological constant is composed
of three independent terms: The vacuum energy g3/M2p, the “(A)dS curvature” 3g2,
and the present-day value of the Cartan contortion density, P(1). This variety of contri-
butions facilitates sufficient freedom to align the theoretical and observational values
of the cosmological constant, and thus provides a new perspective for resolving the so-
called “Cosmological Constant Problem”16. Any present-day vacuum energy density
16Similar conclusions with respect to the cosmological constant have been discussed in the framework of
conformal gravity, see for example [16, 19]. However, a thorough cosmological model is missing in that
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g3 can, by a “suitable” choice of the necessarily non-vanishing (A)dS deformation pa-
rameter g2 and the Cartan contortion density, be made compatible with the present-day
value of the cosmological constant. To be more specific, provided g3 ∼ M4p > 0 and
the unknown field P(x) is neglected, we conclude that the vacuum energy will be com-
pensated to a value close to zero if the deformation parameter is of the order g1 ≈ −3/2
[43], or g2/H20 ≈ −10120. Such a large negative value is achievable with a very small
negative value of the FLRW curvature parameter, K0 → 0−. Resolving Eq. (38) for
K0 ≡ ∆k gives K0/H20 ∼ −10−49. This supports the trends discussed in Section 5.1.
On the other hand, the choice K0 = −kmax gives g2 ∼ 10−82GeV2 and the contribution
of the Cartan contortion density cannot be neglected in the balance equation (31). It
rather would have a considerable value: 14P(1) ∼ −M2p.
7 Summary and conclusions
The CCGG theory facilitates, in a mathematically rigorous way, a consistent descrip-
tion of the dynamics of space-time. Applying the Hamilton-Palatini framework of
canonical transformations, it unambiguously fixes the coupling of space-time to mat-
ter fields [38]. The canonical field equations are obtained by variation of the action
integral with respect to the independent fields affine connection, metric and their con-
jugate momentum fields. By combining the field equations the consistency equation is
derived that gives the Einstein equation of General Relativity extended by a quadratic
Riemann-Cartan concomitant. Since the Schwarzschild and Kerr metrics are solutions
of that extended (so-called CCGG) equation, all standard solar tests can be reproduced
[38].
Space-time is in the CCGG theory a dynamical medium endowed with kinetic en-
ergy and inertia. The strength of that inertia is determined by the dimensionless (de-
formation) parameter g1. The dynamics of matter and space-time are inter-twinned
such that only the total energy-momentum, i.e. sum of stress and strain energies, is
covariantly conserved. By requiring the stress energy tensor to satisfy the covariant
conservation law for any given metric, the resulting covariant conservation of the strain
energy tensor is in general possible only with an asymmetric affine connection. That
leads to correction terms in the CCGG equation based on the then necessary presence
of torsion of space-time. In the Friedman universe that torsion-dependent portion of
the Ricci curvature scalar (called here Cartan contortion density) emerges as a new
dynamical energy reservoir, expressed as a running cosmological constant that we call
dark energy field. This and further curvature corrections invoked by space-time’s in-
ertia modify the cosmological dynamics. Within the concordance model the curvature
parameter of the FLRW metric, K0, determines the deformation parameter g1 and the
deceleration parameter q0, thus exposing g1 to direct observations.
Our numerical analysis presented here shows that, with the ΛCDM parameter set,
this theory avoids the Big Bang singularity, describes inflation and the graceful exit
into the Dark Energy epoch, and compares well with the observations of the SNeIa
Hubble diagram and of the transition point between the most recent deceleration and
re-acceleration. Moreover, two scenarios emerge for the pre-inflation phase, depending
on the sign of K0. For K0 < 0 a bounce followed by a violent, Big Bang-like explosion
occurs, while for K0 > 0 the bounce is soft and slow.
framework.
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We conclude that the deformation parameter must not vanish in order to support
all the above features, making, from the point of view of cosmology, the quadratic
Riemann-Cartan invariant a viable extension of the Einstein-Hilbert theory. It also
naturally contributes to the resolution of the cosmological constant problem.
Further analyzes of the CCGG cosmology have been carried out in parallel stud-
ies [4, 6, 5]. However, a comprehensive comparison of the theory with the full body of
observations, including metric perturbations, is yet outstanding.
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Appendices
A Derivation of the Friedman equations
The material content of the Friedman model universe are perfect fluids made of classi-
cal particles and radiation. The stress energy tensor for a perfect fluid with the density
ρ and pressure p is symmetric. In the comoving frame
T µν =
∑
i=r,m
diag(ρi,−pi,−pi,−pi). (A.1)
ρi and pi are functions of the global time t only, and the index i tallies just two basic
types of matter, namely particles (“dust”, i = m) and radiation (i = r). Of course, the
particle matter is itself a sum over all standard model particles.Radiation, on the other
hand, includes not only genuine photon energy density but also contribution from any
kind of highly relativistic particles where mass is negligible compared to their kinetic
energy.
For a perfect fluid the equation of state (EOS) is assumed [45] to have the generic
form
pi = ωi ρi, (A.2)
where ωm = 0 and ωr = 13 . The requirement that the energy-momentum tensor of this
matter content vanishes implies the scaling law [17, 45]:
ρi(t) ∼ a−ni ⇒ ρi ani = const (A.3)
with the definition ni ≡ 3(ωi + 1), i.e. nr = 4 and nm = 3.
We wish now to solve the CCGG-Friedman Eq. (9) for classical, spinless matter
in the form of perfect fluids. In order to follow the conventional derivation of the
equations of motion, we start from Eq. (9), though. The components of the Riemann
tensor are derived from the FLRW metric (32) using the Levi-Civita relation. The
component µ = ν = 0 of Eq. (9) yields:
− 8piGg1
( a˙2 + K0a
)2
− a¨2
 + a˙2 + K0 − 13 Λ0 f (a)a2 = 8piG3 a2 ∑
i=r,m
ρi. (A.4)
For the µ = ν = 1 component we obtain in addition
8piGg1
( a˙2 + K0a
)2
− a¨2
 + 2aa¨ + a˙2 + K0 − Λ0 f (a)a2 = −8piG a2 ∑
i=r,m
pi, (A.5)
with f (a) defined in Eq. (33). For the trace of Eq. (9), which is independent of the
presence of the traceless quadratic Riemann term, we obtain
aa¨ + a˙2 − 2Ma2 + K0 = 0 (A.6)
where
M := 13
2piG ∑
i
(ρi − 3pi) + Λ0 f (a)
 = 13
2piG ∑
i
(ρi(4 − ni) + Λ0 f (a)
 . (A.7)
22
Other combinations of the indices µ and ν either vanish or reproduce the above equa-
tions. Moreover, adding Eq. (A.4) and Eq. (A.5) yields Eq. (A.6), so only two of the
three equations need to be considered.
To touch base with standard Friedman cosmology we first show that with the quadratic
Riemann term omitted (i.e. setting here formally g1 = 0 and f (a) ≡ 1, and keeping
λ = Λ0 constant) we recover the conventional Friedman equations. Calculating the
difference of the equations (A.4) - (A.5) yields
aΛ0 − 3a¨ = 4piGa
∑
i
(ρi + 3pi) (A.8)
which can be resolved for a¨:
a¨
a
= −4piG
3
∑
i
(ρi + 3pi) + 13 Λ0. (A.9)
In a similar way we obtain from Eq. (A.6) with the definition of the Hubble function
H(t) := (a˙/a):
a¨
a
+ H2 +
K0
a2
= 23
2piG∑
i
(ρi − 3pi) + Λ0
 .
Inserting Eq. (A.9) yields the well known Friedman equation based on General Rela-
tivity:
H2(a) =
8piG
3
∑
i
ρi − K0a2 +
1
3 Λ0. (A.10)
It is rather straightforward to re-run the derivation with g1 , 0 and look for modi-
fications arising from the quadratic term in the CCGG equation. Inserting Eq. (A.6) in
Eq. (A.4) yields, after multiplication with a−2, the modified Friedman equation
H2 = − K0
a2
+ 13 Λ(a)+ (A.11)
+
8piG3 ∑
i
ρi − (8piG)
2
3
g1 M(a)
∑
i
(ρi − 3pi)
 [1 − 32piGg1M(a)]−1 .
With the equation of state (A.2) and the scaling properties (A.3), Eq. (A.11) reads:
H2 =
8piG
3
∑
i
ρi − K0a2 +
1
3 Λ(a) + g1
8piG
3
∑
i
ρi ni
8piGM(a)
(1 − 32piGg1M(a)) . (A.12)
Obviously, while the first three terms on the r.h.s. formally correspond to the conven-
tional Friedman Eq. (A.9), the last term is generated by the quadratic term in Eq. (9)
that vanishes when g1 = 0.
It is convenient to define the quantities
Ci :=
8piG
3
ρi ani = const., i = r,m. (A.13)
and
CK := −K0 ωK = − 13 , nK = 2 (A.14a)
CΛ := 13 Λ0 ωΛ = −1, nΛ = 0. (A.14b)
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The modified Friedman equation (A.12) then becomes
H2 =
∑
i=r,m,K
Ci a−ni +CΛ f (a) + g1
32piGM(a)
(1 − 32piGg1M(a))
∑
i=r,m
1
4Ci ni a
−ni . (A.15)
with M(a), Eq. (A.7), re-written as
M(a) = 14Cm a
−3 +CΛ f (a). (A.16)
For the present-day energy/mass densities of matter including dark matter, of ra-
diation including photons and neutrinos, and for the cosmological constant we adopt
in our calculations the values of the “Concordance Model“ (or “Λ Cold Dark Matter”,
ΛCDM model) of standard cosmology (see for example [30, 7]):
Cm =
8piG
3
ρm ≈ 6.790 × 10−85 GeV2 (A.17a)
Cr =
8piG
3
(
ργ + ρν
)
≈ 1.898 × 10−88 GeV2 (A.17b)
CΛ = 13 Λobs ≈ 1.567 × 10−84 GeV2 (A.17c)
Mp =
1√
8piG
≈ 2.428 × 1018 GeV (A.17d)
|kobs| ≤ kmax ≈ 1.117 × 10−86 GeV2. (A.17e)
With this parameter set and appropriate initial conditions for f (1) = 1 and k(1) = 0,
the standard value the Hubble constant H0 ≡ H(a = 1)is reproduced:
H0 ≈ 1.5 × 10−42GeV ∼ 70 kms Mpc (A.18)
B Derivation of the ODE for f (a)
In this section we deepen the above analysis and investigate the Friedman model,
Eq. (A.15) or Eq. (34), to derive the equation of motion for the dark energy func-
tion CΛ f (a).
It is helpful at this point to set
− V(a) := a2 H2(a) + K0 (B.1)
and re-write Eq. (34) in the form of the differential equation
a˙2 + V(a) = −K0. (B.2)
It formally describes the conservation of the total energy −K0 of a point particle with
“kinetic energy” a˙2, mass 1/2, and “potential energy”
V(a) = −Cm a−1 −Cr a−2 −CΛ a2 f (a) − M(a)1
2g2 − M(a)
(
3
4Cm a
−1 +Cr a−2
)
. (B.3)
This equation describes the one-dimensional radial expansion dynamics of the uni-
verse. Obviously, any radial motion comes to a hold once a˙ = 0. Thus
V(a) > −K0 (B.4)
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defines a turning point for the expansion (or shrinking) of the universe as the expansion
velocity, a˙ =
√−V(a) − K0, vanishes or even becomes imaginary there.
Differentiating now Eq. (B.2) with respect to the universal time t yields
a¨ = − 12
dV(a)
da
. (B.5)
On the other hand, the trace of Eq. (9) gives with the Hubble function Eq. (34)
a¨ =
V(a)
a
+ 2Ma. (B.6)
For a¨ > 0, i.e. if
V(a)
a
+ 2Ma > 0, (B.7)
the radial expansion accelerates. The time interval in which this is the case is called
inflation. Comparing the expressions (B.5) and (B.6) for a¨ we conclude that the identity
dV(a)
da
+
2
a
V(a) + 4Ma ≡ 0 (B.8)
must hold. The potential (B.3) can be split into
V(a) = V0(a) + Vc(a), (B.9)
with
V0(a) := −Cm a−1 −Cr a−2 −CΛ a2 f (a), (B.10)
formally corresponding to the GR-Friedman model, and a “curvature correction term”,
Vc(a) = − M(a)1
2g2 − M(a)
(
3
4Cm a
−1 +Cr a−2
)
, (B.11)
originating from the quadratic term in the CCGG equation. Then after plugging V0 in
Eq. (B.8) we obtain
dV0(a)
da
+
2
a
V0(a) + 4aM(a) = −CΛ f ′(a) a2, (B.12)
where f ′ = d f /da. This shows that for g1 = 0, i.e. f (a) = const. and Vc ≡ 0,
the identity Eq. (B.8) holds. A constant cosmological constant violates the CCGG
equations, though, as for the conventional Friedman potential we find
dV0(a)
da
+
2
a
V0(a) + 4Ma ≡ 0,
while for the “curvature correction” term we find for Cm , 0, i.e. as long as particle
matter exists,
dVc(a)
da
+
2
a
Vc(a) , 0.
For a non-constant f (a), on the other hand, a straightforward calculation yields
dVc(a)
da
+
2
a
Vc(a) = −
3
4Cma
−2 M
1
2g2 − M
(B.13)
+
1
2g2
( 12g2 − M)2
3
4Cma
−4 ( 3
4Cma
−1 +Cra−2
)
−CΛ f ′(a)
1
2g2
( 12g2 − M)2
(
3
4Cma
−1 +Cra−2
)
.
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Inserting Eq. (B.12) and Eq. (B.13) into the identity (B.8) gives, after some algebra,
d f
da
=
3Cm
4CΛ
a−4 × (B.14)
1
2g2
(
3
4Cma
−3 +Cra−4
)
−
(
1
2g2 − 14Cma−3 −CΛ f
) (
1
4Cma
−3 +CΛ f
)
1
2g2
(
3
4Cma
−3 +Cra−4
)
+
(
1
2g2 − 14Cma−3 −CΛ f
)2 .
This is an ordinary first-order differential equation that has a unique solution for a
given initial condition, f (1) = 1.
C Calculated dark energy and curvature functions
C.1 K0 < 0
The two key correction terms modifying the potential V(a; g2(K0)) relative to the con-
ventional GR-Friedman model are the dark energy function f (a; g2(K0)) and the curva-
ture correction k(a; g2(K0)). The interplay of curvature and torsion facilitates inflation
and the graceful exit to the dark energy era.
Figure C.1: The log-lin plot of the dimensionless dark energy function f (a; g2(K0)).
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The normalized effective dark energy function f (a), (Fig. C.1), is negative in the
early epoch of the universe17, and grows to large positive value before falling off to the
dark energy age-value of ∼ 1 at the current size of the universe. It contributes with a
negative sign to the scale potential, Eq. (B.3). This can be understood as an effect of
the Cartan contortion density that initially appears to be high and acts as a reservoir
of energy that is gradually released to drive the inflation dynamics. After complete
relaxation the contortion density re-starts absorbing energy again decelerating the ex-
pansion, until it reaches a saturation value18, the cosmological constant.
Furthermore we observe in Fig. C.2 that the effective curvature is initially positive,
dropping steeply to the present-day value (here k(1) = kobs = 0) to asymptotically
arrive at the constant value K0. Since k(a) − K0 contributes to the scale potential, its
decline supports the acceleration of the expansion.
Figure C.2: The log-lin plot of the curvature correction k(a; g2(K0))/H20 .
17In GR a negative, time-independent cosmological constant in the early universe and cyclic inflation
scenarios have been discussed in [9, 8].
18Space-time can be thought of as a knitted elastic medium that can be stretched to some maximum but
then rebounds to its equilibrium size. Internally we call our model a universe with “contorted space-time”.
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C.2 K0 > 0
The shape of the scale potential for positive K0, Fig. 5, is again driven by an interplay
of the curvature and dark energy contributions. It emerges as the balance between the
release of energy from the dark energy field, and storing energy by the curvature term
k(a) − K0. The lin-log plot of the dark energy function in Fig. C.3 shows a negative
effective cosmological constant that asymptotically approaches the present-day value.
Figure C.3: The log-lin plot of the dark energy function f (a; g2(K0)).
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Figure C.4: The log-lin plot of the curvature correction k(a; g2(K0)) in units of H20 .
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